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We analyzed the characteristics of conformal whispering gallery modes according to pure spatial
refractive index variation without boundary deformation in two-dimensional center-shift circular
transformation cavity designed in an alternative scheme without using resizable parameter. Through
this, we confirmed that the isotropic emission of whispering gallery mode in the circular cavity with
homogeneous refractive index is transformed into the bi-directional emission of conformal whispering
gallery mode as the degree of center-shift increased. Also, using a newly defined purity factor that
quantitatively measures the modulus of distortion, it was verified that the internal wave property
of the whispering gallery mode maintained almost intact in the conformal whispering gallery mode.
PACS numbers: xx.xx
I. INTRODUCTION
Transformation cavities (TCs) are recently proposed
optical dielectric cavities with the gradient refractive in-
dex (GRIN) designed based on transformation optics [1].
The optical dielectric cavities, especially the microcav-
ities, have been intensively studied over the last two
decades due to the applicability as the next generation
of ultra-small high quality resonators used in integrated
optical circuits and sensors [2–4]. One type of resonances
with very long lifetime in the dielectric cavities, namely
whispering gallery mode (WGM), is an important topic
which has the largest portion of studying it. The WGMs
are generated by trapping the waves inside the cavities
by total internal reflection (TIR) phenomenon caused
by the difference between the interior and exterior re-
fractive indices (RIs) at the cavity boundary. The ideal
WGMs in a circular dielectric cavity promise the high-
est quality-factor (Q-factor), but its isotropic emission
characteristics due to the perfect rotational symmetry
limit the applicability. In order to overcome this prob-
lem, many researches have been carried out to deform the
cavity shape, but it also causes degradation of Q-factor
and cumbersome phenomena such as the wave chaos [5–8]
and the mode coupling effects [9–15]. TCs offer a powerful
way to overcome these problems and its feasibility is also
presented already [1]. So-called, the conformal whisper-
ing gallery modes (cWGMs) generated in the TCs have
directional emission with minimal Q-factor spoiling. The
TCs can be designed through various conformal map-
pings or the composite functions of multiple conformal
mappings. Also, even if conformal mapping is singular or
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non-existent, the quasi-conformal mapping method can
be used to numerical access any possible shape [16].
Typically, the deformation effect in the homogeneous
cavities is taken by the distortion of the geometrical
boundary shape, which affects to the characteristics of
the resonances, such as the changes in wavelength, Q-
factor, wave patterns, and mode coupling effects. The
variations of the boundary curvature ray-dynamically
causes the unsatisfaction for the critical angle on the inci-
dent beam, which directly leads distortion of the WGMs
which are formed by TIR mechanism. However, the dis-
tinction for the deformation effect is ambiguous in the
case of TCs designed by basis of circular cavity. In the
construction process of the TCs, the boundary defor-
mation is firstly contained in the refractive index pro-
file to perfectly cancel out by the conformal transfor-
mation for whole space, and finally, the residual effect
formed by the gap between the conformal transforma-
tion and the artificial setting, which forces the exterior
refractive index to 1, is survived in only the relative re-
fractive index at the boundary interface [1]. It can be
clearly understood through the description in RV space
[17]. There are no changes in curvature, but changes in
the relative refractive index at the boundary interface.
The spatial refractive index variation results in a change
in the critical angle at the boundary and then affects
cWGM formation. The blending effects, combined with
the condition to satisfy TIR, the composition of various
conformal mappings, and the wave properties depending
on the system openness or the wavelength regime [18–
20], make more difficult and complicated to stipulate the
mode characteristics according to the system parameters.
Center-shift (C-S) circular TC is a special case that pro-
duces only the effects of purely spatial refractive index
variation formed by the coordinate shift for center, which
completely excludes the geometrical boundary deforma-
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2tion effect. Moreover, it has manufacturing advantages
because its original shape is retained regardless of the
C-S degree. As a groundwork on the research for vari-
ous TCs using the C-S conformal mapping, which can
be used as an element of composite functions to achieve
a realistic refractive index profile or to break axis sym-
metry, we investigated the cWGM characteristics for the
C-S circular TCs in this study.
This paper is organized as follows. We briefly review
the C-S conformal mapping and the conventional method
for designing TCs using resizable parameter to support
cWGMs in Sec. II. An alternative scheme to configure the
TCs without resizable parameter and the C-S circular TC
constructed through this scheme is introduced in Sec. III.
In Sec. IV, the characteristics of cWGMs in C-S circular
TC is numerically investigated and the purity factor for
measuring the efficiency of cWGM is newly defined and
discussed. Finally we give a summary in Sec. V.
II. CENTER-SHIFT CONFORMAL MAPPING
AND CONVENTIONAL METHOD TO DESIGN
TRANSFORMATION CAVITY
The C-S conformal mapping to give the effect of mov-
ing the center of a circle can be performed with the sub-
group of Möbius transformation to complex ζ-space from
complex η-space. The subgroup of Möbius transforma-
tions that map the unit circle to the C-S unit circle rep-
resented as following complex form,
ζ =
η + δ
1 + δ∗η
, |δ| < 1,
where η = u + iv and ζ = x + iy are spatial variables
describing the complex planes, and δ is a complex value
parameter for C-S degree on (u, v) coordinates. Consid-
ering the rotational symmetry of the circle, the mapping
can be simplified by treating only the shift on the x-axis
(δ ∈ R) as follows:
ζ = f(η) =
η + δ
1 + δη
, |δ| < 1. (1)
By the application of the above conformal mapping, con-
centric circles in η-space are transformed into C-S circles
of which the rotational symmetry is broken in ζ-space
as shown in Fig. 1. For reference, the inverse conformal
mapping from ζ-space to η-space is expressed as follows:
η = g(ζ) =
ζ − δ
1− δζ , |δ| < 1. (2)
Next, we look at the TCs which is previously pro-
posed in [1]. Considering the translational symmetry
along the z-axis in a infinite cylindrical dielectric cav-
ity, the Maxwell equations can be reduced to effec-
tive 2-dimensional scalar wave equation. Resonances in
Figure 1. Conceptual diagrams for C-S conformal mapping
from (a) η-space to (b) ζ-space using the subgroup of Möbius
transformation.
a TC satisfying the outgoing-wave boundary condition,
ψ(r) ∼ h(φ, k)eikr/√r for r →∞, where position vector
r = (x, y) = (r cosφ, r sinφ), k is the vacuum wavenum-
ber, and h(φ, k) is the far-field angular distribution of the
emission, are obtained as the solutions of following wave
equation,
[∇2 + n2(r)k2]ψ(r) = 0,
with the refractive index n(r) given by
n(r) =
n0
∣∣∣ dζdη ∣∣∣−1 , (interior)
1, (exterior)
. (3)
For the transverse magnetic (TM) polarization, the wave
function ψ(r) represents Ez, the z component of elec-
tric field, and both the wave function ψ(r) and its nor-
mal derivative ∂vψ(r) are continuous across the cavity
boundary. For the transverse electric (TE) polarization,
the wave function ψ(r) represents Hz, the z component
of magnetic field, and both ψ(r) and n(r)−2∂vψ are con-
tinuous across the cavity boundary. By the outgoing-
wave boundary condition, the resonances, which have dis-
crete complex wavenumbers kr with negative imaginary
parts, exponentially decay in time. The frequency and
the lifetime of a resonance are given by ω = cRe[kr] and
τ = −1/2cIm[kr] where c is light speed in vacuum, re-
spectively. The quality factor of a resonance is defined
as Q = 2piτ/T = −Re[kr]/2Im[kr] where the oscillation
period of light wave is T = 2pi/ω.
To describe the conventional method for constructing
TCs supporting cWGMs through the resizable parame-
ter β, four spaces are usually considered : original virtual
(OV), wholly transformed (WT), transformed physical
(TP), and reciprocal virtual (RV) spaces. First, we con-
sider a circular cavity with a homogeneous refractive in-
dex n0 and a unit radius R0 in η-space, and call this
space OV space. The homogeneous unit circular cavity
in the OV space is conformally transformed to a cavity
with inhomegeneous interior and exterior refractive index
3Figure 2. Refractive index profiles in (a) original virtual, (b) wholly transformed, (c) transformed physical, and (d) reciprocal
virtual spaces. These pictures were drawn in center-shift circular transformation cavity without resizable parameter at n0 = 1.8,
|δ| = 0.2, and γ = γmin.
profiles in ζ-space through a entire spatial mapping mul-
tiplied by β, such as a resizable C-S conformal mapping,
ζ = βf(η) = β
η + δ
1 + δη
, |δ| < 1.
We name this transformed space WT space. The two cav-
ities in OV andWT spaces are mathematically equivalent
and the relative refractive index at the boundary inter-
face in WT space remains homogeneous. Next, we force
the exterior GRIN profile in WT space to 1 considering
the realistic physical situation then, finally, we can obtain
a C-S circular TC in TP space. In TP space, the relative
refractive index at the boundary interface is not homo-
geneous. The heterogeneity of the relative refractive in-
dex acts as an important factor in forming the resonance
characteristics which differ from in circular cavity, and
the reason can be easily predicted through the RV space
which is mathematically equivalent to the TP space. The
RV space can be defined by inversely transforming the
entire refractive index profile in TP space. In order to
obtain cWGMs in the conventional TCs, a specific value
βmax or lower is finally applied to β such that the min-
imum value of the internal refractive index profile is at
least n0 as a condition that allows the wave near the cav-
ity boundary cause the TIR ray-dynamically through the
process of reducing the cavity size. Therefore, |dζ/dη|−1
which forms a inhomogeneous refractive index profile of
TCs, is a function of β, so not only cavity size but re-
fractive index profile changes according to the change of
β.
III. CENTER-SHIFT CIRCULAR
TRANSFORMATION CAVITY WITHOUT
RESIZABLE PARAMETER
Here, we propose a new TC design scheme that main-
tains the dimensionless coordinates [2] in physical space
by eliminating the size-scaling by confromal mapping.
We first consider a homogeneous circular cavity in OV
space (η-space) with the unit radius R0 and the invari-
ant reference refractive index n0 multiplied by an index-
proportion parameter γ and conformally transform the
cavity to WT space (ζ-space) by the mapping equation
without β, Eq. (1). Then, forcing the exterior refractive
index to 1 yields the TC in TP space. As a result, the
interior and exterior refractive index in the TP space is
as follows:
n(r) =
nTPin = γn0
∣∣∣ dζdη ∣∣∣−1 , (interior)
nTPex = 1 , (exterior)
. (4)
Additionally, through the inverse transformation from ζ-
space to η-space, the interior and exterior refractive index
in RV space can be obtained as follows:
n˜(r˜) =
n
RV
in = γn0 , (interior)
nRVex =
∣∣∣dηdζ ∣∣∣−1 , (exterior)
where position vector r˜ = (u, v). We shortly call the
newly constructed TC to γ-type TC and, for clarity, we
refer to the conventional TC as the β-type TC. γ-type TC
can satisfy the TIR condition by increasing the interior
refractive index in OV space independently of the profile-
generating factor, |dζ/dη|−1 of Eq. (4), without reducing
the cavity size. This is the most noticeable difference from
the β-type TC, in which decreasing β to satisfy the TIR
condition reduces the cavity size and simultaneously in-
creases the profile-generating factor of Eq. (3) as a whole.
To help understand, we have drawn conceptual diagrams
of four spaces using in the C-S circular γ-type TC in Fig.
2.
β-type and γ-type are perfectly identical systems in
the viewpoint of physics and the differences between
them are summarized in Table I. kr in γ-type is the di-
mensionless resonant wavenumber and multiplying kr by
4nOVin changed by γ gives the internal dimensionless reso-
nant wavenumber, χ ≡ nOVin kr = γn0kr. The free-space
wavenumber in β-type is obtained by dividing kr in γ-
type by β. One can properly select and use at convenience
among the two types. γ-type can be more advantageous
in terms of theoretical and numerical study such as an-
alyzing the changes of resonance distribution in a given
wavelength region, adjusting the target frequency of the
resonance to be observed, tracing a specific resonance to
finding the optimizing conditions, or reobtaining the re-
fractive index profile for designing on real fabrication.
β-type TC γ-type TC
conformal transformation ζ = βf(η) ζ = f(η)
refractive index in OV space nOVin = n0 nOVin = γn0
radius of cavity in TP space βR0 = β R0 = 1
refractive index in TP space nTPin = n(ζ, β) nTPin = γn(ζ)
Table I. Differences between β-type and γ-type TCs
By the C-S conformal mapping Eq. (1), the circular
cavity with homogeneous interior refractive index nOVin =
γn0 in OV space is transformed to the γ-type C-S circular
TC with the following inhomogeneous interior refractive
index profile in the TP space.
nTPin (ζ) = γn0
∣∣∣∣dζdη
∣∣∣∣−1 = γn0 ∣∣∣∣ (1− δζ)2(δ2 − 1)
∣∣∣∣−1 , |δ| < 1,
Also, we can derive the profiles of interior and exterior
refractive index for γ-type TC in the RV space through
the inverse conformal mapping Eq. (2) as follows:
nRVin = n
OV
in = γn0,
nRVex (η) =
∣∣∣∣dηdζ
∣∣∣∣−1 = ∣∣∣∣ (1− δ2)(1 + δη)2
∣∣∣∣ , |δ| < 1.
To obtain cWGMs formed by TIR, the condition is re-
quired that the minimum value of the interior refractive
index profile is at least greater than n0 and we define γ
satisfying this condition as γmin. In the case of γ-type C-S
circular TC, nTPin has the minimum value at η = −δ/ |δ|,
thus γmin is given as follows:
γmin ≡ γ = 1 + |δ|
1− |δ| , |δ| < 1.
IV. NUMERICAL RESULTS
A. cWGMs in γ-type Center-Shift Circular
Transformation Cavity
Using the γ-type C-S circular TC presented above,
we investigate the characteristic changes of a specific
Figure 3. Changes of (a) refractive indices, (b) internal di-
mensionless wavenumber, and (c) Q-factors for M(13,1) ac-
cording to the center-shift parameters |δ| in the γ-type C-S
circular TC with n0 = 1.8 and γ = γmin. Black solid and
black dashed lines in (a) are the maximum and the miminum
values of refractive index profile nTPin , respectively. Blue solid
line in (a) is nOVin that varies with |δ|. Black and red lines
in (b) are the real and the imaginary parts of the internal
dimensionless wavenumber, respectively. Black and blue lines
in (c) are Q-factors in the γ-type C-S circular TC with nTPin
and the circular cavity with nOVin , respectively. Inset of (c) is
an enlargement of |δ| from 0 to 0.09.
cWGM, M(13,1) for TM polarization by changing in the
range of 0 5 |δ| 5 0.4 under the fixed conditions of ref-
erence refractive index n0 = 1.8 and index-proportion
parameter γ = γmin. In this paper, we assign cWGMs to
M(m, l) as a combination of mode indices correspond-
ing to the angular momentum index m and the radial
nodal number l in the homogeneous circular cavity. Ac-
cording to the change of |δ|, the interior refractive index
in OV space and the maximum and minimum value of
interior refractive index profile in TP spaces are changed
as shown in Fig. 3 (a). As |δ| increases, the maximum
value of refractive index profile nTPin gradually widens the
overall variation of the index profile with n0 as the base-
line. At the same time, as the index profile widens, nOVin
5Figure 4. Refractive index profile and near field and far field intensity patterns for the mode pair of M(13,1) at the shifting
parameter (a) |δ| = 0, (b) 0.05, (c) 0.10, (d) 0.15, and (e) 0.30 in the γ-type C-S circular TC with n0 = 1.8 and γ = γmin. The
refractive index of outside cavity set to air. In each step, up-side (down-side) of near field pattern and blue solid (red dashed)
line in far-field pattern are the even-parity (odd-parity) mode.
also increases to satisfy the TIR condition.
The internal dimensionless wavenumbers χ and Q-
factors for the mode pair of M(13,1) are changed as shown
in Fig. 3 (b) and (c), respectively. In the homogeneous
circular cavity case with |δ| = 0, all resonances except
for the case with m = 0 are in doubly degenerate states
due to the rotational symmetry. Each degenerate pair is
nearly degenerate under the condition of |δ| > 0 and each
nearly degenerate pair can be divided into even- and odd-
parity modes due to the mirror symmetry for the x-axis.
Nevertheless, in the range we show, the wavelenth values
for the cWGM pair appear to overlap almost one with no
significant deviation. In terms of the RV space shown in
Fig. 2 (d)), it means that the cWGM pair is very little
affected by the pure change in relative refractive index at
the boundary interface caused by |δ| in our range.
As shown in Fig. 3 (b), Re[χ] associated with the in-
ternal wavelength of the mode pair of M(13,1) does not
change significantly with the varying in |δ|, on the other
hand, Im[χ] grows larger than that in the homogeneous
case and then decreases from a certain threshold (in our
case, about |δ| = 0.05) as |δ| increases. It is directly re-
flected in the Q-factor in Fig. 3 (c). The temporary rise
of Q-factor, which is typical aspect of cWGMs in TC sat-
isfying the TIR condition [1, 21], is caused by the overall
increasement in the refractive index profile of TC due to
the TIR condition, and the increament of nOVin in the γ-
type TC well explains why such behavior occurs as shown
in the inset of Fig. 3 (c).
For the case of |δ| 6= 0, the relative refractive index at
the boundary interface and the interior refractive index
profile exhibit a dipole distribution similar to the case of
the limaçon TC [1]. Considering the emitting mechanism
described through the Husimi function [17], cWGMs in
the C-S circular TC can be predicted to have a similar
mode properties. We show the stepwise change of refrac-
tive index profile and near- and far-field intensity pat-
terns for a even-odd mode pair of M(13,1) at |δ| = 0,
0.05, 0.10, 0.15, and 0.30 in Fig. 4. As |δ| increases, the
dipole distribution of the refractive index becomes more
pronounced due to the increase in the variation width of
the index profile, while the near field intensity pattern at
all steps maintains a cWGM morphology confined well
along the boundary.
In Ref. [17, 21], it has already discussed that the emis-
sion of cWGMs satisfying the TIR condition is tunneled
out as an evanescent wave in the region where the refrac-
tive index is relatively low and, as the deformation pa-
rameter increases, the nearly flat intensity band structure
on the Husimi function for cWGMs is almost unchanged,
while the shape of the critical line is further bent by the
variation of the relative refractive index at the bound-
ary interface. Such non-constant critical angle creates a
unique light emission mechanism which the light tunnels
6Figure 5. The change of P -factors for even-parity modes of (a) M(13,1) and (b) M(13,2) according to |δ| in γ-type C-S circular
TC with n0 = 1.8 and γ = γmin. The data pickup domain for P -factors is set to rRV = 0.8 and the intensity of the near field
patterns is normalized linear scale.
out at regions where the band structure is relatively close
to the critical angle. i.e., where the relative refractive in-
dex at the boundary interface is relatively low.
In the TCs with a dipole distributed refractive index
profile, the critical line approaches the band structure
only in one place, which creates a single point emitting
mechanism, and their external waves form bi-directional
emission if they have an axis symmetry. We can confirm
it through the far field intensity patterns in Fig. 4. As
|δ| increases, the isotropic emission of mode pair when
|δ| = 0 turns into the bi-directional emission and the
mode pairs in each step have the same tendency for the
far-field intensity distribution regardless of parity. The
bi-directionality is bestly improved at |δ| = 0.15. Inci-
dentally, if |δ| = 0.2, the maximum value of refractive
index profile requires a large rise above 4 which is diffi-
cult to implement, but the far field distribution still has
bi-directionality.
B. Purity Factor for cWGMs
We are here to present another tool for characterizing
cWGMs. In general, when the homogeneous circular cav-
ity is progressively distorted by the shape deformation,
WGMs with perfect rotational symmetry begin to lose
their inherent properties, accompained by the Q-spoiling
and the pattern distortion by the synthesis of several an-
gular momentum components. The angular memontum
decomposition is very useful method for analyzing such
the angular momentum distribution [22]. The spread of
m derived from the analysis of angular momentum com-
ponents for a resonant mode can be used to gauge how
much the resonance in a slightly deformed cavity is dis-
torted from a specific resonance in the circular cavity.
Such distortion also occurs at the resonances in TCs. In
the case of homogeneous cavities, the distortion is due to
the effect of shape deformation, whereas in the case of C-
S circular TC without shape deformation, it is caused by
the non-uniformity of the relative refractive index at the
boundary interface. The variation of the distortion rate
for each mode according to the change of the system pa-
rameters has different criteria according to the lifetime
and wavelength of the resonance, but it is sufficient to
check how long the WGM characteristics of the circular
cavity are maintained in the cWGM.
To analyze the inherent mode properties inside TCs,
we introduce the angular momentum distribution in RV
space equivalent with TP space. In RV space, the wave
function inside the circular cavity can be expanded to
cylindrical harmonics in polar coordinates as follows:
ψ(rRV, φRV) =
∞∑
m=−∞
αmJm(n
RV
in krrRV) exp(imφRV),
where rRV and φRV are the radius and angle of the posi-
tion on the data pickup domain, respectively, + (-) signs
of angular momentum index mean CCW (CW) traveling-
wave components, αm is the angular momentum distribu-
tion for m, and Jmis the mth-order Bessel function of the
first kind. αm is obtained through the Fourier expansion
of the above equation. Note that the data pickup domain
must be chosen as a concentric circle with a center of mass
in the RV space, taking into account the spatial transfor-
mation by conformal mapping. From the above angular
momentum distribution, our newly proposed measurand
7that estimates the mode distortion rate, namely purity
factor, can be simply defined as follows :
P =
|αd|2∑∞
m=0 |αm|2
,
where αd is that for a dominant angular momentum index
d. Under the our situation of standing wave conditions
by axis symmetry, we only need to take one component,
CCW or CW. This P -factor means the contribution of
resonance with m = d in the circular cavity in forming a
specific resonance we are going to observe in TCs.
To investigating the change of distortion rate for the
cWGM, we obtained the above P -factor for M(13,1) in
the range of 0 5 |δ| 5 0.4 where the data pickup do-
main rRV = 0.8. We plotted it in Fig. 5 attaching the
P -factor for M(13,2) for comparison. The |δ|-dependent
increase in the heterogeneity of the relative refractive in-
dex at the boundary interface, which acts as an effective
deformation effect, reduces overall the P -factor for both
modes. Here, it should be noted that the variation of the
P -factor for M(13,1) is relatively very small compared
with M(13,2). It means that the resonance properties in
the circular cavity are maintained fairly well in cWGMs
with l = 1.
V. SUMMARY
In this paper, we have newly proposed a construction
scheme for TC without the resizable parameter related to
TIR condition, and, in the C-S circular TC using it, in-
vestigated the characteristic changes of a cWGM of which
isotropic emission breaks in bi-directional emission as the
C-S parameter increases. The enhancement of distortion
effect on the modes due to the pure spatial refractive
index variation according to the C-S parameter can be
verified through the newly defined purity factor P in-
dicating how much the nature of WGM in the circular
cavity is maintained via the angular momentum distribu-
tion in the RV space. In conclusion, it has been examined
that the C-S circular TC can produce the bi-directional
emitting cWGMs of which P -factor is nearly one.
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